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Abstract. We introduce and study the restricted volume of a divisor along a subvariety. 
Our main result is a description of the irreducible components of the augmented base 
locus by the vanishing of the restricted volume. 



Introduction 

Let X be a smooth complex projective variety of dimension n. While it is classical 
that ample line bundles on X display beautiful geometric, cohomological and numerical 
properties, it was long believed that one couldn't hope to say much in general about the 
behavior of arbitrary effective divisors. However, it has recently become clear ( [Naij . 
|Nakj . [Lazj . [ELMNPl] ). that many aspects of the classical picture do in fact extend 
to arbitrary effective (or "big" divisors) provided that one works asymptotically. For 
example, consider the volume of a divisor D: 

\o\x[D) =def limsup — ^ — — j -. 

m^oo m^ln\ 

When A is ample, it follows from the asymptotic Riemann-Roch formula that the volume 
is just the top self- intersection number of A: 

volx(A) = [A^). 

In general, one can view vo\x{D) as the natural generalization to arbitrary divisors of this 
self-intersection number. (If D is not ample, then the actual intersection number (-D") 
typically doesn't carry immediately useful geometric information. For example, already 
on surfaces it can happen that D moves in a large linear series while (-D^) <^ 0.) It turns 
out that many of the classical properties of the self-intersection number for ample divisors 
extend in a natural way to the volume. For instance, it was established by the second 
author in |Laz] that volx(-D) depends only on the numerical equivalence class of and 
that it determines a continuous function 

volx:iV'(X)R^R 

on the finite dimensional vector space of numerical equivalence classes of R-divisors. 
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Now consider an irreducible subvariety C X of dimension d. In the classical 
setting, when A is ample, the intersection numbers {A"^ ■ V) play an important role in 
many geometric questions. The goal of the present paper is to study the asymptotic 
analogue of this degree for an arbitrary divisor D. Specifically, the restricted volume of 
D along V is defined to be 

dime lm(H°{X,Ox{mD)) — > H^{V,Ov{mD)) 
vo\x\viD) = limsup — 

m— >oo Tfl / CLl 

Thus vo\x\v{D) measures asymptotically the number of sections of the restriction OvimD) 
that can be lifted to X. For example, if A is ample then the restriction maps are eventually 
surjective, and hence 

Y0lx\v{A) = V0ly(A|v) = (A'^-V). 

In general however it can happen that volx|y(-D) < volv'(D|v'). The definition extends in 
the evident way to Q-divisors. Restricted volumes seem to have first appeared in passing 
in Tsuji's preprint [Tslj . and they play an important role in the papers ^HMj . |Ta2j of 
Hacon-McKernan and Takayama elaborating Tsuji's work. 

In order to state our results, we need to be able to discuss how V sits with respect 
to the base-loci of D. Recall to this end that the stable base-locus B(Z}) of an integral 
or Q-divisor D is by definition the common base-locus of the linear series | mD \ for all 
sufficiently large and divisible m. Unfortunately, these loci behave rather unpredictably: 
for example, they don't depend in general only on the numerical equivalence class of 
D. The fourth author observed in [Nalj that one obtains a much cleaner picture if one 
perturbs D slightly by subtracting off a small ample class. Specifically, the augmented 
base-locus of D is defined to be 

B+(D) =def B{D-A) 

for a small ample Q-divisor A, this being independent of A as long as its class in X^(X)r, 
is sufficiently small. Thus B_|_(D) ^ B(D). These augmented base-loci were studied 
systematically in |ELMNP2] . where in particular it was established that B+(D) depends 
only on the numerical equivalence class of D. Since the definition involves a perturbation, 
B+(^) is consequently also defined for any class ^ G X^(X)r,. 

Our first result involves the formal behavior of the restricted volume volx|v'(-D). 

Theorem A. Let V ^ X be an irreducible subvariety of dimension d > and let D be a 
Q-divisor such that V ^ B_(_(Z}). Then 

Yo\x\v{D) > 0, 

and yolx\v{D) depends only on the numerical equivalence class of D. Furthermore, 
^o\x\v{D) varies continuously as a function of the numerical equivalence class of D, and 
it extends uniquely to a continuous function 

volxiv : Big^(X)+ R, 
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where Big (X)^ denotes the set of all real divisor classes ^ such that V ^ B_|_(^). This 
function is homogeneous of degree d, and it satisfies the log-concavity property 

volx|y(ei+6)'/' > volxivte)'/" + volx|y(6)'/'- 

We also show that one can compute yo\x\v{D) in terms of "moving intersection 
numbers" of divisors with V: 

Theorem B. Assume as above that D is a Q-divisor on X , and that V is a subvariety of 
dimension d > such that V ^ B+(Z}). For every large and sufficiently divisible integer 
m, choose d general divisors Em,i, • • • , Em,d ^ | \ . Then 

, #( ^nE^,in...nE^,, \ B(D) ) 

volx|v(^) = lim ^ -. 

m^oo m 

In other words, volx|y(-D) computes the rate of growth of the number of intersection 
points away from B(D) of d divisors in |mZ}| with V. If D is ample, this just restates 
the fact that volx|y is given by an intersection number. The theorem extends one of the 
basic properties of volx(-D), essentially due to Fujita; as in the case V = X, the crucial 
point is to show that one can approximate volx|y(-D) arbitrary closely by intersection 
numbers with ample divisors on a modification of X (cf. |Lazj §11. 4. A or [DEL] ). This 
result has been proved independently by Demailly and Takayama |Ta2] . It also leads to 
an extension of the theorem of Angehrn and Siu [ASJ on effective base-point freeness of 
adjoint bundles in terms of restricted volumes (see Theorem 12. 20p . 

Our main result is that these restricted volumes actually govern base-loci. By way 
of background, suppose that P is a nef divisor on X. The fourth author proved in |Nalj 
that the irreducible components of B+(P) consist precisely of those subvarieties V on 
which P has degree zero, i.e. 

(1) B+(P) = U ^' 

(pdim V.y) = o 

where V is required to be positive dimensional. We prove the analogous result for arbitrary 
Q-divisors D: 

Theorem C. If D is a Q-divisor on X, then B_|_(D) is the union of all positive dimen- 
sional subvarieties V such that volx\v{D) = 0. 

One can extend the statement to R-divisors by introducing the set Big^(X)R consisting of 
all real divisor classes such that V is not properly contained in any irreducible component 
of B+(,^). Then volx|y determines a continuous function 

volx|y :Big^(X)R-^R 

with the property that 

volx|y(0 = ^ is an irreducible component of B+(^). 

(Note that just as it can happen for a nef divisor P that (P^™^ ■ V) = while (P^imW^ . 
W) > for some W O V, so it can happen that volx|v'(-D) = but \o\x\w{D) > for 
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some W . This is why one has to focus here on irreducible components of base loci. 
Compare also Example 15.101 ) 

The proof of Theorem O is based on ideas introduced by the fourth author in [Na2j . 
together with a result (Theorem 14.21) describing yo\x\v{D) in terms of separation of jets 
at general points of V . This allows one to lift sections of line bundles from a subvariety 
to X as a result of direct computation rather than vanishing of cohomology. The very 
rough idea of the proof is the following: starting with a lower bound for volx|y(-D + A) 
for some ample divisor A, we deduce that there are points on V at which the line bundles 
0{m{D + A)) separate many jets, for large enough m. This allows us in turn to produce 
lower bounds for the dimension of spaces of sections with small vanishing order at the 
same points, for line bundles of the form 0{m{D — A')), with A' a new ample divisor. 
The conclusion is that the asymptotic vanishing order of D — A' along V (ordy(||-D — A'\\) 
in the notation of |ELMNP"2] ) can be made very small. However, as we make A ^ 0, 
we prove that there exists a uniform constant (3 > such that if ^ C B^{D), then 
ordv'dlZ) — y4'||) > (3 ■ \\A'\\, which produces a contradiction. The actual proof is quite 
technical and occupies most of §5. 

In the last section we make the connection between our results and those of |Na2j . 
describing the augmented base locus in terms of another asymptotic invariant, the moving 
Seshadri constant. This invariant was introduced in ^Na2j as a generalization to arbitrary 
big divisors of the usual notion of Seshadri constant for big and nef divisors (cf. |Lazj 
§5.1) . We describe the relationship between moving Seshadri constants and restricted 
volumes, and as a consequence of the results above we obtain a slight strengthening of 
the main result in [Na2j : the moving Seshadri constant varies as a continuous function 
on N^{X)-£i, and given an arbitrary H-divisor D , B+(Z}) is the set of points at which the 
moving Seshadri constant of D is zero. 

The results in this paper are part of a more general program of using asymptotic 
invariants of divisors in order to get information about the geometry of linear series, base 
loci, and cones of divisors on a projective variety. Invariants of a different flavor were 
used in |ELMNP"2] in order to describe a lower approximation of the stable base locus of 
a divisor, called the restricted base locus (or non-nef locus, cf. |Bolj . [BDPPj . see also 
[Deb]). The reader can also find there a thorough discussion of the connections between 
these various asymptotic base-locus-type constructions. Finally, we refer to |ELMNPT| 
for an overview of the basic ideas revolving around asymptotic invariants of line bundles. 

1. The augmented base locus 

We start by fixing some notation. Let X be a smooth complex projective variety of 
dimension n. An integral divisor D on X is an element of the group Div(X) of Cartier 
divisors. The corresponding linear series is denoted by |-D| and its base locus by Bs(|Z)|). 
As usual we can speak about Q- or R-divisors. A Q- or R-divisor D is effective if it is a 
non-negative linear combination of effective integral divisors with Q- or R-coefficients. If 
D is effective, we denote by Supp(D) the union of the irreducible components which appear 
in the associated Weil divisor. We often use the same notation for an integral divisor and 
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for the corresponding line bundle. Numerical equivalence between Q- or R-divisors will 
be denoted by =. We denote by N^{X)q and A^^(X)r, the finite dimensional Q- and 
R-vector spaces of numerical equivalence classes. One has A^^(X)r = A^^(X)q ®q R, and 
we fix compatible norms || ■ || on these two spaces. Given a divisor D, we write \\D\\ for 
the norm of the class of D. A Q-divisor is big if for m divisible enough, the linear series 
\mD\ defines a birational map onto its image. One can show that D is big if and only if 
D = A + E, where A is ample and E is effective. This can be taken as definition in the 
case of an R-divisor (see [Lazl Section 2.2] for the basic properties of big divisors). The 
big cone is the open convex cone in N^{X)r consisting of big R-divisor classes. 

We recall from |ELMNP2j the definit ion of the augmented base locus of a divisor. 
Suppose first that D is a Q-divisor on X. The stable base locus of D is 

B{D) :=f|Bs(|mD|)red, 

m 

where the intersection is over all m such that mD is an integral divisor. It is easy to see 
that if p is divisible enough, then B(D) = Bs(|pD|)red- 

The augmented base locus of an R-divisor D is defined to be 

B+(Z}):=f|B(D-A), 

A 

where the intersection is over all ample divisors A such that D — A is a. Q-divisor. Equiv- 
alently, we have 

B+(D)= fl Supp(i?), 

D=A+E 

where we take the intersection over all decompositions D = A + E, with A ample and E 
effective. It follows from definition that B+(Z}) is a closed subset of X, and B+(D) 7^ X 
if and only if D is big. Moreover, there is rj > such that for every ample divisor A with 
II A II < 7] and such that D ~ A is a. Q-divisor, we have B_|_(D) = B(D — A). It is easy to 
see that if D = E then B+(D) = B+(i?). For a detailed study of augmented base loci, 
see |ELMNP2] §1. In addition, we will need the following property. 

Proposition 1.1. If D is a Q-divisor, then B(D) has no isolated points. In particular, 
for every H-divisor D, the augmented base locus B+(Z}) has no isolated points. 

Proof. Suppose that x is an isolated point in B(D), and let m be large and divisible 
enough such that mD is integral and B(D) = Bs(|mD|)red- Let a C Ox be the ideal 
defining the scheme Bs(|mD|) \ {x} and let /: X' — > X be the normalized blow-up along 
a. We can write f*{mD) = M + E, where /"^(a) = 0{-F) and the base locus of |M| 
is concentrated at the point f~^{x). A result of Zariski (see [Zarj . and also [Em]) implies 
that there is p such that \pM\ is base-point free. Therefore x is not in the base locus of 
\pmD\, a contradiction. 

If D is an R-divisor, then B^{D) = B(D — A) for some ample divisor A such that 
D — A is a Q-divisor, so the last assertion follows. □ 

Remark 1.2. The assertion on B+(D) in the above proposition can also be proved using 
the elementary theory of multiplier ideals, avoiding the appeal to Zariski's theorem. 
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2. Restricted volumes and asymptotic intersection numbers 



Restricted volumes. Recall that X is a smooth projective variety. For any line bundle 

L on X and any subvariety C X, we set 



H°{X\V,L) := lm(H°{X,L) — >H°{V,L\ 



V 



while h^(^X\V, L) is the dimension of H^(^X\V, V). Of course we use the analogous nota- 
tion for divisors. 

Definition 2.1 (Restricted volume). If L is a line bundle on X, and if ^ C X is a 
subvariety of dimension ci > 1, then the restricted volume of L along V is 

/i°(X|K,mL) 

(2) volx|y(i:) = hmsup . 

m^oo '"' /u; 

Again, the same definition applies to divisors. 

Note that if = X, then the restricted volume of L along V is the usual volume of 
L, denoted by \o\x{L), or simply by vol(L). We refer to [Lazj §2.2.C for a study of the 
volume function. Our main goal in this section is to extend these results to the case of 
an arbitrary subvariety V X. As we will see, everything goes over provided we assume 
that V 2 B_|_(L). To begin with, the following lemma implies immediately that 

volx|y(g^) = q'^volx\v{L), 

so we can also define in the obvious way volx|y(-D) when D is a Q-divisor. 

Lemma 2.2. Let D be any divisor on X and g G N a fixed positive integer. Then 

h°(X\V,mD) h°(X\V,qmD) 
lim sup J— = lim sup -. -f— . 

Proof. The proof is identical to that of the corresponding statement for the usual volume 
function of a line bundle given in jLaz] Lemma 2.2.38. □ 

Example 2.3 (Ample and nef divisors). If D is an ample Q-divisor, then Serre vanishing 
implies vo\x\v{D) = vo\v{D\v) = {D'^ ■ V). We will see later that the same thing is true 
if D is only nef under the hypothesis V ^ B+(D) (cf. Corollary 12 . 1 71 and Example 15. 5p . 

Lemma 2.4. Let f : X' — > X be a proper, birational morphism of smooth varieties and 
let D be a Q-divisor on X. IfV C X' and V = f{V') have the same dimension, then 

Y0\x'lV'{f*{D)) = Yo\x\v{D). 

Proof. It is enough to note that for every m such that mD is an integral divisor, we have 
the commutative diagram 

H\X,mD) H^{X',mf*{D)) 



H\V,mD\v) H\V\mf*{D)\v>), 
where u is an isomorphism and f is a monomorphism. □ 
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Remark 2.5. Note by contrast that 

voV(r(D)|v") = deg{V' ^V)-Yolv{D\v). 

Asymptotic intersection numbers. Let D be a Q-divisor. Note that if V C B{D), 
then clearly volx|y(-D) = 0. Assume now that V ^ B(D). We can then define another 
invariant, an asymptotic intersection number of D and V, in the following way. Fix a 
natural number m > which is sufficiently divisible so that B(Z}) = Bs(|mD|)i.cd, and let 

• Xfji > X 

be a resolution of the base ideal = b{\mD |). Thus we have a decomposition 

<(|mZ}|) = |M„|+E^, 

where Mm (the moving part of ImDl) is free, and Em is the fixed part. We can — and 
without further mention, always will — choose all such resolutions with the property that 
they are isomorphisms over the generic point of V . We then denote by Vm the proper 
transform of V , which by hypothesis is not contained in Supp(-Em). 

Definition 2.6 (Asymptotic intersection number). With the notation just introduced, 
the asymptotic intersection number of D and V is defined to be 

{Mi ■ Vm) 



\D''-V\\ := limsup 



Naturally enough, we make the analogous definition for line bundles. 

Remark 2.7. The intersection numbers with Mm have the following interpretation: if 
Di, . . . , Dfi are general divisors in |mil)|, then (M^ ■ Vm) is equal to the number of points 
in Di n . . . n Dd n V that do not lie in Bs(|mD|). In particular, this number does not 
depend on the resolution we are choosing. 

Remark 2.8. Another sort of asymptotic intersection number, involving the moving 
intersection points of n different big line bundles on A, is introduced and studied in 
[BDPPj . Under suitable conditions on the position of V with respect to the relevant 
base-loci, one could combine the two lines of thought to define an asymptotic intersection 
number of the type 

However we do not pursue this here. 

Remark 2.9. We note that ||D computes in fact the limit limm-*oo — = 

sup„ -^^^^^rr^! where the limit and the supremum are over all m such that B(D) = 
Bs(|mD|)red- Indeed, given such p and q, we may take vr : X' — > X that satisfies 
our requirements for \pD\, \qD\ and \{p + q)D\. If V is the proper transform of V on X', 
we deduce that Mp+g — (Mp + Mq) is effective and does not contain V in its support, so 

where for the last inequality we refer to [Lazj . Corollary 1.6.3. It is standard to deduce 
our claim from this inequality. 
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Remark 2.10. It follows from the previous remark that || {mDY '^11= '"^'^ 1 1 D'^ " ^ II 
for every m. 

The next result gives another interpretation of these intersection numbers. 
Proposition 2.11. If D is a Q-divisor, and ifV is not contained in B+(Z}), then 
(3) 11^' -^11 =sup^*n=A+E{A''-V), 

where the supremum is taken over all projective birational morphisms vr : X' — > X with 
X' smooth, that give an isomorphism at the general point of V, and over all expressions 
71* D = A+E, where A and E are Q-divisors, with A ample, E effective and V ^ Supp(£'). 
{Here V denotes the proper transform of V .) 

Proof. Consider first any morphism vr as in the statement of the proposition and let m 
be divisible enough. The number of points outside Bs(|mD|) that lie on the intersec- 
tion of d general members of \mD\ with V is the same as the number of points outside 
Bs{\7r*{mD)\) = 7c~^(Bs{\mD\)) that lie on the intersection of d general members of 
|m7r*(D)| with V. Moreover, since V is not contained in Supp(£'), this number is at 
least the number of intersection points of V with d general members in Im^l, which is 
m'^{A'^ ■ V). Dividing by m'^ and letting m go to infinity gives the inequality ">" in the 
statement. On the other hand, by definition we have 

II n-^ T/ii r « • ^rn) 
\\D -VW := limsup-^ ^ — -. 

m— >oo rn 

It is easy to see that since V ^ B+(D), we have Vm ^ B+(Mm). Therefore we can write 
Mm = A + E, with A ample, E effective, and Vm ^ Supp(£'). If p G N*, then we have 
Mm = {l/p)E + Ap, where Ap = ^A + ^^Mm is ample since Mm is nef. The opposite 

inequahty in the statement follows from limp^oo(^p ■ Kn) = {^m " Kn)- D 

As the right hand side of ([3]) depends only on the numerical class of Z^, we deduce 
the following: 

Corollary 2.12. If Di = D2 are Q-divisors, and ifV % B+(Di), then 

\D{-V\ = \\D^-V\\. 

A generalized Pujita Approximation Theorem. The next result shows that if V 
is not contained in B+(Z}), then the two invariants we have defined for D along V are 
the same. In the case V = X, this is Fujita's Approximation Theorem (see [DEL] ). In 
addition, we give a formula for the restricted volume in terms of asymptotic multiplier 
ideals, connecting our approach to ideas for defining invariants due to Tsuji |Ts2] We 
mention that the relationship between asymptotic intersection numbers and the growth 
of sections vanishing along restricted multiplier ideals appears also in the recent work of 
Takayama |Ta2j . Note that these statements are interesting only for big divisors D, since 
otherwise B+(iI)) = X. We will assume familiarity with the basic theory of multiplier 
ideals developed in Part III of |Lazj . 
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If D is an integral divisor, we denote by jr( || mD \\ ) the asymptotic multiplier ideal 
of mD. For simplicity, we use the following notation: if I is an ideal sheaf on a variety 
X, and if \^ C X is a subvariety, then I\v denotes the ideal X ■ Oy- 

Theorem 2.13. Let D be a Q-divisor on X, and let V he a d- dimensional subvariety of 
X {d>l) such that V ^ B+(D). Then 

volxivp) = \\D''-V\\ = limsup ^ ^ ^-j^ 

rrt— >oo fn / Ctl 

where in the last term we take the limit over m sufficiently divisible so that mD is integral. 

The proof of the above theorem will be given in the next section. We record now 
several consequences and examples. Theorem 12.131 together with Corollary 12. 121 imply the 
following: 

Corollary 2.14. If D is a Q-divisor and if V is a subvariety such that V ^ B_|_(D), then 
the restricted volume volx\v{D) depends only on the numerical class of D. 

Corollary 2.15. If D is a Q-divisor on X and V X is a d-dimensional subvariety 
such that V ^ B+(Z}), then 

h°(X\V,mD) h°(X\V,mD) 
limsup -r— = lim -r— -. 

m^oo m"-/a\ m^co m"- / d\ 

In other words, the restricted volume is actually the limit 

h^{X\V,mD) 



volx|\/(-D) = lim 



m— >oo 



m'^/dl 



Proof. This fact is an immediate consequence of Theorem 12.131 together with Proposi- 
tion 12. m the proof being identical to that of the corresponding statement for the usual 
volume ( ^Lazj . Example 11.4.7). □ 

Corollary 2.16. Let Di and D2 be two Q-divisors and V X a subvariety of dimension 
d > 1 such that V g B+(Di) U B+{D2). Then 

volx|y(A + /^2)'/' > YolxiviD^y/" + volxiv{D2Y^''. 

Proof. The assertion follows from Theorem 12.131 and Proposition I2.1H using the corre- 
sponding concavity property for the volumes of ample line bundles (see |Laz] . Corollary 
1.6.3). □ 

Corollary 2.17. Suppose that D is a nef Q- divisor and that V X is a subvariety of 
dimension d>l. If V is not contained in B+(Z}), then volx|y(-D) = {D'^ ■ V). 

Proof. We may assume that D is an integral divisor. Since D is nef and big, we have 

J{X, \\mD\\) = Ox for all m 
( {Lazj . Proposition 11.2.18). It follows from Theorem 12. 131 that 

volxiyp) = voVPIv) = (D^-V), 
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where we use the corresponding result for the usual volume function ( |Laz] . Corollary 1.4.41). 

□ 

Remark 2.18. If D is a nef divisor, then B+(Z)) = Null(D), where Null(D) is the union 
of the subvariaties ^ of X such that D\v is not big. This is the main result of |Nal] , 
which we will reprove in Corollary 15.61 below, allowing also R-coefficients. 

Example 2.19. Suppose now that D is a pseudo-effective Q-divisor on a surface X. 
Recall that D has a Zariski decomposition D = P + N, where P and are Q-divisors, 
with P nef and N effective, inducing for all divisible enough m isomorphisms: 

(4) H^{X,mP) ~ H^{X,mD) 

(see [Baj for details). It is shown in |ELMNP"2] . Example 1.11, that we have Supp(A^) C 
B+(D) = B+(P) = Null(P). 

If C is an irreducible curve on X, and if C ^ Supp(A^), then (jlj) induces an equality 
volx|c(-D) = volx|c(-P)- If, moreover, C is not contained in Null(P), then Corollary 12.171 
gives volxicP) = {P-C). 

A theorem of Angehrn and Siu [ASj on effective base-point freeness for line bundles 
of the form Kx + L, with L ample, can be extended to the case of arbitrary big divisors, 
as follows. 

Theorem 2.20. Let L be a line bundle on a smooth, projective n- dimensional variety X . 
If X ^ B+(L) is such that for every positive- dimensional subvariety V through x we have 

Yo\x\v{L) > M'i^"^^^), 

where M = ("^^), then x is not in the base locus of Kx + L. 

We do not give the proof of this statement, as it is rather straightforward, combining 
the method of Angehrn and Siu (see also Theorem 10.4.2 in |Lazj ) with our generalized 
Fujita Approximation. We mention also that one can give similar uniform bounds that 
imply that Kx + L separates two points. 

Remark 2.21. If is a (i-dimensional subvariety of X that is contained in B_(.(D) but 
not in B{D), then both volx|y(-D) and are defined, but they are not equal 

in general. Example 15.101 below gives a big globally generated line bundle for which 
^olx\c{L) < 11-^ ■ C*!! for some curve C contained in B_|_(L). 

However, if C is a curve not contained in B(Z}) and vo\x\c{D) = 0, then we have 
II -D ■ C 11= 0. Indeed, if iTm'- Xm — > X and TT*^{mD) = Mm + Em are as in the definition 
of asymptotic intersection numbers, then Cm is not contained in the support of Em, so 



> 



m 

so the right hand side is zero. Using the diagram in the proof of Lemma 12.41 we deduce 
that Cm is contracted by the morphism defined by \Mm\, so (M^ ■ Cm) = for every m. 
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Example 2.22. Inspired by ideas of Tsuji |Ts2] . Takayama introduced in [Tal] the fol- 
lowing asymptotic intersection number of a Q-divisor D with an arbitrary curve C C X: 



deg{Oc{mD)® j{\\mD\\)\c 
\D-C\\' := limsup 



m 



where the degree of J'( || mD || ) |c is defined as the degree of the invertible sheaf J7'( || mD || ) • 
Oc' on the normalization u : C —>■ C . One can show, using the multiplier ideal interpre- 
tation in the statement of Theorem I2.13[ that if C ^ B+(D), then || D ■ C||' = vo\x\c{D). 
If C C B+(D), then we have only one inequality, namely \\D ■ C\\' > vo\x\c{D). 

Example 2.23 (Interpretation of Kodaira-Iitaka dimension). Let X be a smooth projec- 
tive variety of dimension n and D a Q-divisor on X such that its litaka dimension k,{D) is 
nonnegative. Define r{D) to be the largest nonnegative integer d such that through a very 
general point on X there is a (i- dimensional irreducible subvariety V with the following 
property: for every curve C V that is not contained in B(D) we have || D ■ C ||= 0. 
Then we have r{D) = n — k,{D). In order to show this, consider m divisible enough 
such that the rational map (pm to defined by the complete linear series \mD\ satisfies 
dim((/)m(X)) = k{D). With the usual notations, we also have a morphism iprn '■ 
defined by the basepoint-free linear series |Mm|. Let C be a curve in X not contained in 
B(D). If is defined at the generic point of C, then C is contracted by 0^ if and only 
if its proper transform Cm is contracted by ipm- But this last statement is equivalent to 
{Mm ■ Cm) = 0. In particular, this shows that if V is as in the definition of r{D), then V 
is contracted by every 0^- 

Consider now the litaka fibration corresponding to D (see |Lazj . §2.1.C). This is 
a morphism of normal varieties (defined up to birational equivalence) 0oo '■ —>■ Y^o 
having connected fibers and such that for all m divisible enough we have a commutative 
diagram 

X^ X 



-' oo ' -' m 

with Moo a birational morphism and Um a birational map. Let U be the set of points x 
in X \ B(D) such that Uoo is an isomorphism over a neighborhood of x and (j)oo{u'^{x)) 
lies in an open subset on which Um is an isomorphism. We see that if C is a curve in X 
that intersects U and C C Xqo is its proper transform, then C is contracted by some 0m 
(with m divisible enough) if and only if C is contracted by 0oo- Since this condition is 
independent on m, we see that it is satisfied if and only if || D ■ C || =0. Our formula for 
r{D) now follows easily. 

We restate the conclusion of the above discussion as follows. Compare this with 
Theorem 1.3 in [Tal] . where a similar result is proved with || D ■ C || replaced by || D • C ||'. 

Corollary 2.24. // (p^o'- Xqo — > ^oo is the litaka fibration corresponding to D and if 
C is a curve through a very general point on X , then its proper transform C C X^o is 
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contracted by (p^o if o,nd only if \\D ■ C\\ =0. The analogous assertion holds if we replace 
the morphism (poo by the rational map on X defined by \mD\, with m divisible enough. 

3. The proof of Generalized Fujita Approximation 

For the proof of Theorem 12.131 we will need a few lemmas. 

Lemma 3.1. For any big Q-divisor D, if bm denotes the ideal defining the base locus of 
\mD\, then there exists an effective integral divisor G on X - which one may take to be 
very ample - such that 

h^{-G) C j{\\mD\\){-G) C b^, 

for all m sufficiently large and divisible. If V <^ B_|_(Z}), then G can be chosen such that 

V 2 Supp(G). 

Proof. The first statement appears in [LazJ Theorem 11.2.21, but we recall the construc- 
tion in order to emphasize the second point. Specifically, let if be a very ample line 
bundle on X, and consider the ample line bundle A := Kx + (n + 1)H, where n is the 
dimension of X. For a 3> sufficiently divisible, Ox{clD — A) is a big line bundle with 
sections, and for any G in \aD — A\ the sequence of inclusions in the Lemma holds. 

Now note that since a is large and divisible enough, Bs{\aD — A\) is contained in 
B_|_(D). Indeed, if m is large enough then B+(D) = B(D — ^D), and if a is divisible 
enough, then 

B{D--A) = Bs(|aD - -A|)red 5 Bs{\aD - A\),ed. 
m m 

Thus iiV % B+{D), then there exists G e\aD - A\ such that V ^ Supp(G'). □ 

Lemma 3.2. Let L be a big semiample line bundle on X and suppose that V is a d- 
dimensional subvariety of X such that V ^ B+(L). Then \o\x\v{.L) = i.L'^ ■ 

Proof. By choosing ^ 0, we may assume that the morphism f : X ^ given by 
the linear series \kL\ is birational onto its image, with trivial Stein factorization. Since 

V 2 B_|_(L), we may also assume that the restriction of / to V is birational onto its 
image. The argument in the proof of Lemma 12.41 reduces us to the case of a very ample 
line bundle, when the equality is clear. □ 

Lemma 3.3. IfV is a subvariety of X of dimension d> 1, and if D is an integral divisor 
on X , then for every k we have 

h^V,0{mD)(E)j(\\mD\\)\v) h°(V,0{pkD) ® j(\\pkD\\)\v) 
(5) limsup — ^ -j — ^ — - = limsup — ^ — -. 

... p-^CxD r\' p 

Proof. Let's denote the left hand side in ([5]) by Li and the right hand side by L2. We 
obviously have Li > L2 and we need to prove the reverse inequality. To this end let A 
be a very ample line bundle on V, and fix a very general divisor if G \A\. Assuming as 
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we may that H doesn't contain any of the subvarieties defined by the associated primes 
of the ideal sheaves rriD \\)\v, we have for every m > an exact sequence 

— > OvimD)®j{\\mD\\)\v OvimD + A) (g) j{\\mD\\)\v 

— > Ou^mD + A)®J{ II mD \\)\h — > 0. 

Since in any event 

h\H,OH{mD + A) ® j{\\mD\\)\H) < h°{H,OH{mD + A)) = 0{m'^-^), 
we see in the first place that 

h^{V,0{mD + A)®j{\\mD\\)\v) 



Li = lim sup 



Now given k > 1 and m ^ 0, write m = pk + i with < i < k — 1. Choose a very 
ample line bundle A which is sufficiently positive so that A + iD is very ample for each 
< i < k — 1, and fix a very general divisor He e | iD + A\. As above we have an exact 
sequence 



\v 



— ^ OvipkD)^j{\\pkD\\)\v ^ OvimD + A)^j{\\pkD\\)\ 

OhX^D + A)®J{ \\pkD II ) \h, 
Noting that J7'( || mD \\ ) C J7'( \\pkD || ), we find as before that 

h''{V,0{pkD) ® j{\\pkD\\)\v) 



lim sup . , , 

p— >oo y 



h^(V,0{mD + A) (g J(\\{m - i)D\\)\v) 
lim sup — ^— ^ — - 



> lim sup 



h^{V,0{mD + A)®j{\\mD\\)\v) 



Together with (*), this gives the required inequality L2 > Li. □ 

Proof of Theorem \2.13\ . Consider a common log resolution Tr^ : X for the ideal 

defining the base locus of I ml? I andforX(|| mD \\). We denote bm-Ox^ = Oxmi.~Em) and 
J(|| mD \\)-Ox^ = OxJ-Fm), and also := 7r*JmD) - and := 7r*JmD)-F^. 
Since bm ^ 2r(|| mD ||), we have > F^- Note also that |Mm| is the moving part of 
the linear series \7r^{mD)\, so it is basepoint-free. Moreover, since V ^ B+(i5), we have 

2 B+(MJ. 

We have, to begin with 

\o\.x\v[.D) > 2 = 2 = d — ' 

m"- m"' m"- 

where the first inequality follows easily from the definition and Lemma 12.41 while the 
second and third equalities follow from Lemma 13.21 This implies that 

yo\x\viF>) > \\D''-V\\. 
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On the other hand, since for any (divisible enough) m we have 

H^{X,0{mD)) = H°{X,0{mD)(^j{\\mD\\)), 
we see immediately that 

h%V,OimD)^Ii\\ mP \\)\y)) ^ 
hmsup -— > vo\x\v{D). 

To finish, it suffices then to prove 



. „ h\V,OimD)® ji\\mD\\) 

\D^-V\\ > limsup ^ ^ ' 



V 



To this end, we first apply the inclusions 

hm{-G) (Z j{\\mD\\){-G) (Zh^ 
given by Lemma [3. II On X^, this immediately implies: 

(6) vol((M„ + <G)|^^) > vol(iV^|^^) > vol(M„|^,^). 

On the other hand, by pulling back to Vm in two different ways, we have: 
h^{y^,kNj\yJ > h%V,0{kmD) (g) j{\\mD\\y\v) > h\V,0{kmD) ® j{\\kmD\\)\v), 

where for the last inequality we use the Subadditivity Theorem (see |DEL] or [Lazj . 
Theorem 11.2.3). Thus by multiplying the inequalities by d\/{kmY and letting ffrst k and 
then m go to cxD, we obtain: 

M^-ly^)^,. h%V,0{mD)®j{\\mD\\)\v) 

(7) hmsup — ^> hmsup 



thanks to Lemma [3. 3[ 

Combining ([6]) and ([7]), we are then done if we show 

vol((M„ + 7r,:,G)|^^) vol(M„|^^) 

(8) lim sup ^ — = lim sup -j — —. 

... m— >oo iiij 

But since the bundles in question are nef, the volumes appearing here are computed as 
intersection numbers. Expanding out the one on the left, we ffnd that ([8]) will follow if 
we show that 

(9) lim sup ^ 2 = 

m— >oo ^ 

when i > 0. But we can find a fixed ample line bundle A on X such that TT*{mA) — Mm 
is effective (simply take A such that A — L is effective). Then 

(m;^-' ■ «G)^ ■ Kn) < ((7r;(mA)^--(7r;G)^-K.), 

and (H follows. □ 
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4. Approximating restricted volumes via jet separation 



We start with a simple lemma which shows that separating jets at a set of points on a 
subvariety gives a lower bound for the restricted volume. If a; is a point on a subvariety W 
of X, we denote by xnw,x the ideal defining x in the local ring Ow,x of at x. U Xi, . . . ,xn 
are points on X, then we say that a line bundle L on X simultaneously separates prjets 
at each Xi if the map 

L) H%X, L ® Ox,Jm^:i) 

i=l 

is surjective. 

Lemma 4.1. Let L be a line bundle on the smooth variety X, and let V C X be a subvari- 
ety of dimension d > 1. If xi, . . . ,xn are distinct points on V such that L simultaneously 
separates Pi-jets on X at each of the points Xi, then 

N 

vo\x\v{L) > ^mnKy -pf. 
1=1 

Proof. If L separates Pi-jets at each Xj, then by taking polynomials in sections one sees 
that if m > 1 then mL separates mpj-jets on X at Xi for all i. Moreover, for every such 
m we have a commutative diagram 

H%X, mL) > 0, H%X, mL ® Ox,Jru^') 



H%V,mL\v) > ®,H%V,mL®Ov,Jm'^Z^' 

As the right vertical map is evidently surjective, we deduce that 

N 

dime lmH°{X\V,mL) > ^ dime Oy,:,, /m;;^^; 



+1 



1=1 

and the lemma follows. □ 



We now prove the converse to Lemma 14. showing that we can approximate re- 
stricted volumes by separation of jets at general points on the subvariety. It is convenient 
to make the following definition. Let D be a Q-divisor on the smooth projective vari- 
ety X, and let \^ be a subvariety of X of dimension d > 1. For every positive integer 
A^, let ev{D,N) be the supremum of the set of nonnegative rational numbers t with 
the property that for some m with mt G Z and mD an integral divisor, mD simulta- 
neously separates mt-jets at every general set of points Xi,. . . ,xn G V (if there is no 
such t, then we put ev{D,N) = 0). Note that with this notation. Lemma l4.ll implies 
yo\x\v{D) >N-ev{D,NY. 

Theorem 4.2. If D is a Q-divisor on the smooth projective variety X, and V ^ X is a 

subvariety of dimension d > 1 such that V ^ B+(D), then 

sup N ■ev{D,Nf = \imsup N ■ ev{D, Nf = vo\x\v{D). 

N>1 N^oo 
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Remark 4.3. The above statement is inspired by a key step in the proof of Fujita's 
Approximation Theorem from |Na2] . In loc. cit. one proves a variant of this statement 
when V = X. However, we take the opposite approach, and we deduce Theorem 14.21 from 
our generahzation of Fujita's Theorem to restricted volumes. 

Proof of Theorem \4.2\ We need to show that for every 5 > we can find arbitrarily 
large values of N such that for a suitable positive e G Q with A^e*^ > yo\x\v{D) — 6, 
and for some positive integer m such that me G Z and mD is an integral divisor, mD 
simultaneously separates me-jets on X at any general points Xi, . . . ,xn G V. Suppose 
first that we know this when D is ample. Since V ^ B+(D), it follows from Theorem 12. 131 
and Proposition 12.111 that we can find a proper morphism vr : X' — > X that is an 
isomorphism over the generic point of V, and a decomposition 7r*D = A + E, with A 
ample, E effective and V ^ Supp(i?) such that {A'^ ■ V) > vo\x\v{D) — 6/2 (we have 
denoted by V the proper transform of V). We apply the ample case for A, V and 6/2 
to get e, and m. We may clearly assume also that mE is integral. If xi, . . . ,xn G V 
are general points (in particular they do not lie on the union of the support of E with 
the exceptional locus of vr), and if we identify the xt with their projections to X, then we 
have a commutative diagram 



H%X',OimA)) 



H'^{X,0{mD)) 



®l,H^{X',0{mA) 



4>2 



i'2 



H%X, 0{mD) ® Ox,.Jm^:^^) 



where 0i and 02 are induced by multiplication with the section defining mE. Hence 02 
is an isomorphism, and since ipi is surjective, ■02 is surjective, too. Therefore we get our 
statement for D, V and 6. 

It follows that in order to prove the theorem we may assume that D is ample, in 
which case volx|y(-D) = {D'^ ■ V). Moreover, by replacing D with a suitable power, we 
may suppose that it is very ample. 

We make a parenthesis to recall the following well-known fact. Suppose that L is an 
ample line bundle on a variety X, and suppose that F = {xi, . . . , xm} is a set of smooth 
points on X. Let / : X' — > X be the blowing-up along F with exceptional divisor 
E = X]f=i ^i- If /5 > 0, then f*{L) — i3E is nef if and only if for every positive rational 



number e < /9, if /c is divisible enough, then kL separates fce-jets at Xi, . . . ,xm- 
this is the case if and only if for every irreducible curve C in X we have 



Moreover, 



M 



{L-C) > /55^mult,,(C). 



i=l 



If this holds, and (3' < (3, then f*{L) — jS'F is ample on X'. Note also that if the condition 
is satisfied for F, then it is satisfied for any subset F' C F too. We take p such that V is cut 
out by equations in \pD\. Let Ha+i, . . . , Hn G \pD\ be general elements vanishing on V, so 
V is an irreducible component ofW := nr=d+i Moreover, V = W scheme-theoretically 
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at the generic point of V, and \ is smooth of dimension d. Let Hi, ... , be general 
elements in \pD\, so the following sets 

n 

r' := vnHin...nHd c r:=f]Hi 

i=l 

are smooth and zero-dimensional. Let xi, . . . ,xm be the points in F, and suppose that 
they are numbered such that the first N are the points in F', where N = p'^[D'^ ■ V). Note 
that if C C X is an irreducible curve, then there is i < n such that C % H^. It follows 
from Bezout's theorem that 

M 

{H,-C) > 5^mult,^.(C). 

i=i 

We deduce from the previous discussion that if e < 1/p and m is divisible enough, then 
mD separates me-jets at xi, . . . , xm, hence at xi, . . . , xn- Given 6 and 77 > 0, we choose 
p ^ as above and such that 1/p < rj. If e is such that 1 > {peY > 1 — -pjlryy , we see that 
for m divisible enough the points xi, . . . ,xn satisfy our requirement. It is now standard 
(using the behavior of ampleness in families) to deduce that the same property holds for 
any general set of points in V . We end by noting that since p can be taken arbitrarily 
large, the same is true for N . □ 

For future reference, we recall the following well-known facts. 

Remark 4.4. Suppose that B is an ample Q-divisor and xi, . . . ,xn G X are such that 
for m divisible enough, mB simultaneously separates me'-jets at Xi, . . . , xat. If e < e' and 
if m is divisible enough, then the linear system 

{P G \mB\ I ord3;^(P) > me + IforalH} 

induces a base-point free linear system on X \ {xi, . . . , xat}. 

Indeed, if vr: X' ^ X is the blowing-up at xi,...,XAr with exceptional divisors 
El, ... , En, our hypothesis implies that B' := 7i*B — e{Ei -|- . . . -|- E^) is ample. Hence 
every m such that mB' is integral and globally generated satisfies our requirement. 

Remark 4.5. Let B,xi, . . . ,xn and e, e' be as in the previous remark. For every integral 
divisor H on X, if m is divisible enough, then {mB — H) separates me-jets at xi, . . . , xn- 
Indeed, if vr is as before, then 7r*B—e{Ei + . . .+En) is ample. It follows that if m is divisible 
enough, then mB — H is an integral divisor, me G Z and 7r*{mB — H) —me{Ei + . . . + E]\;) 
is globally generated. This implies that [mB — H) simultaneously separates me-jets at 
Xi, . . . , Xn- 

Remark 4.6. Suppose now that D and V are as in Theorem 14. 2 1 and that H is an integral 
effective divisor on X. If X > 1 and e < ey{D,N), then for m divisible enough both 
mD and mD — H simultaneously separate me-jets on X at every general set of points 
Xi, . . . , xtv in Indeed, we argue as in the proof of the theorem: we use Theorem 12.131 
to reduce ourselves to the case of an ample line divisor A on some model X' over X. We 
apply for A the argument in the previous remark, and use the fact that if {mA — tt*{H)) 
separates jets, then so does mD — H. 
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5. Components of B+ and the restricted volume function 

Given an R-divisor D, we have B^{D') C B+(D) for every R-divisor D' in a 
suitable open neighborhood oi D. It follows that given a subvariety V oi X, the set 
{D I V ^ B+(D)} is an open subset of the big cone. 

Definition 5.1. Given a subvariety V C X, we denote by Big^(X)R, the set of big 
R-divisor classes D such that V is not a proper subset of an irreducible component of 
B+(Z}). It is clear that Big^(X)R, is an open convex subcone of the big cone. 

The behavior of the restricted volumes as functions on subsets of the big cone can 
be summarized in the following theorem. 

Theorem 5.2. (a) If V is a fixed subvariety of a smooth projective variety X, with 
d = dim{V) > 1, then the map 

^ — ^ volx|v'(0 

defined on the set of Q- divisor classes ^ such that V ^ B+(^) is continuous and can be 
extended to a continuous function on the open set of all such H-divisor classes. Moreover, 
it satisfies the concavity relation 

YolxiviD^ + D^y/" > volx|y(/^i)'/" + volx|y(/^2)'/' 
for every H-classes as above. 

(b) If D is a Q-divisor such that V is an irreducible component ofB^{D), then 
volx|y(-D) = 0. Moreover, if we put yo\x\viO = f^i^ every e Big^(X)R, such that V C 
B+(,^), then the function ^ — > volx|y(0 ^■^ continuous over the entire cone Big^(X)R,. 

Proof. The proof of part (a) is quite standard, and we present it in what follows. Part (b) 
is the main technical result of the paper, and we present its proof separately (cf. Theorem 
EH below). 

Fix ample Q-divisors Ai, . . . ,Ar whose classes in N^{X)q form a basis. It is con- 
venient to take on N^{X)q the norm || Yll=i'^i^i \\~ iiiaxj For a positive rational 
number s, and for a Q-divisor Dq such that V ^ B+(Do — ^^i=i "we denote by 
T{Do,s) the set of divisor classes Dq — {piAi + . . .prAr), where < pi < s are ratio- 
nal numbers. It is enough to show that for every such box T{Do, s) there is a constant 
C = C{Do, s) such that 

(10) |volx|y(A) - volx|yp2)| < C- \\ D, - D2 ||, 
for every Di and D2 in T{Dq, s). 

Let if be a fixed ample Q-divisor, and D in T{Do,s). If eo is such that V ^ 
B+(Do ~ -5 J2i " ^qH) and if e < eo, then 

(11) volx|y(/^ - eH) > volx|y((l - e/eo)D) = (1 - e/eo)'' volxiviD). 

By the openness of the ample cone, there is a positive real number b, such that if 
i^^ is a Q-divisor with || E \\< b, then H — E is ample. If A is a Q-divisor such that 
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II ^ ||< ^ ■ Co, we have that ^^^H — A is ample. Combined with f|TT]) . this shows that for 
every D G T{Dq, s) 

(12) volx\v{D -A)> volxw (^D - ^^^^ > (l - yo\x\viD). 

As (i > 1, we see that there is a constant C such that for every D and A as above we 
have 

(13) vo\x\viD) - vo\x\viD - A) < C ■ \\A\\- no\x\v{^) < C ■ volx|y(/^o)- M || • 

Suppose now that D G T{Do, s) and that A is an effective hnear combination of the 
Ai such that D — A E T{Dq, s). If m ^ and if we apply ffT^ successively to D — j^A 
and —A for 0<'j<m — 1, we deduce 

(14) I ^lo\x\v{D) - Y0\x\v{D - A) I < ^- II A II, 

where C = 2C".volx(^,£'o) • 

We finish the proof as in the case of the usual volume function (see |Laz] . Theorem 
2.2.44). Note that if Di, D2 e T(L>o, s), then we may write D2 = Di + E - F, where E 
and F are effective linear combinations of the A^. We apply ( fT4l) to get 

volxiv(^i) - volx|y(/^i - F) < ^- II F II, 
yo\x\v{D2) - yolxwiD, - F) < ^- II F II . 



Since || — ||= max{|| E ||, || F ||}, ffTOj) follows from the triangle inequality. 

The fact that volx|y(— )^^'^ is concave on the set of R-divisor classes D such that 
V ^ B+(D) follows by continuity from Corollary 12.161 □ 

Remark 5.3. Note that in (fT3|) in the above proof, we may take A to be numerically 
trivial. This gives another way of seeing that if ^ B_|_(D), then the restricted volume 
volx|y(-D) depends only on the numerical class of D. 

Remark 5.4. We chose to give the above proof of Theorem 15.21 a) that shows that 
more generally, every homogeneous function defined on the rational points of an open 
convex cone containing the ample cone, and which is non- decreasing with respect to 
adding an ample class is locally Lipschitz continuous. Alternatively, the assertion in 
the theorem could be deduced from the more subtle concavity property of the restricted 
volume function, plus the following well-known fact: a homogeneous convex function 
defined on the rational points of a convex domain is Lipschitz around every point in the 
domain (in particular, it is locally uniformly continuous, and therefore it can be extended 
by continuity to the whole domain). 

Example 5.5. It follows from Theorem 15 . 21 that if D is a nef R-divisor and if V ^ B^{D) 
is a sub variety of dimension d > 1, then 

(15) Yolxiv{D) = {D''-V). 
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Indeed, if D is a Q-divisor, then the assertion follows from Corollary 12. 171 and the general 
case follows by continuity. Moreover, the second part of Theorem 15. 21 and the continuity of 
the intersection form imply that the equality (IT^ still holds if \^ C B+(D) is an irreducible 
component, and in this case both numbers are zero (recall that each irreducible component 
of B_|_(D) has positive dimension by Proposition II. ip . 

On the other hand, since D is nef, if C X is a subvariety of dimension c? > 1, we 
have D\v big if and only if [D'^ ■V)>Q. This gives the following description of B_|_(D), 
which generalizes to the case of an R-divisor the main result of [Nalj . 

Corollary 5.6. If D is a nef H-divisor, then B+(D) is the union Null(D) of those 
suhvarieties V of X such that the restriction D\y is not big. 

As mentioned above, the main result on the behavior of the restricted volume is 
part (b) of Theorem 15. 2[ We discuss it in what follows. 

Theorem 5.7. Let X be a smooth projective complex variety, and let D be an H-divisor 
on X . IfVis an irreducible component o/B+(D), then 

(16) lim volx|y(^') = 0, 

D'^D I \ ' 

where the limit is over Q-divisors D' whose classes go to the class of D. 

Remark 5.8. Using the definition of volx|y(— ) on Big^(X)R, and the concavity of re- 
stricted volumes in Corollary 12. 16[ we see that if V is an irreducible component of B_|_(D), 
then Theorem 15.71 gives 

^lim volx|v'(0 = 0> 

where the limit is over all ^ e Big^(X)R such that ^ goes to the class of D. Hence we get 
the assertion in part (b) of Theorem 15.21 

Corollary 5.9. For any Q-divisor D , the irreducible components o/B+(D) are precisely 
the maximal (with respect to inclusion) V X such that volx|v'(-D) = 0. 

Proof. If is a component of B+(Z}), Theorem 15.71 implies that volx\v{D) = 0. On the 
other hand, if ^ B^{D), then we clearly have volx|y(-D) > 0. □ 

Example 5.10 (Failure of Theorem 15.71 for non-components). We give an example of a 
subvariety V that is properly contained in an irreducible component of the augmented base 
locus and for which the conclusion of Theorem 15. 71 is no longer true. Consider tc : X —>■ 
to be the blow-up of along a line I, with exceptional divisor E = x (where vr 
induces the projection onto the first component). The line bundle L := 7r*(9p3(l) is big 
and globally generated on X, and so by Corollary 15.61 we have B_(_(L) = Null(L) = E. 

Consider now a smooth curve C of type (2, 1) in E. It is easy to see that for all m, 
the image of the map 

H°{X,mL) — > H^{C,mL\c) 

is isomorphic to the image of 
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SO volx|c(-^) = 1- In particular, it is nonzero. We also see that in this case || L • C \\^ 
^o\x\c{L) (compare with Theorem 12.131) . Indeed, since L is globally generated we have 
II L-C\\={L-C) = 2. 

Note that volx|c(— ) is not continuous at L. Indeed, let Lm '■= L — ^E be a sequence 
of Q-divisors converging to L. We see that Lm is ample for m large enough, which implies 
that volx|c7(-^m) = {Lm ■ C) by Example 12.31 An easy computation shows 

Yo\x\c{Lm) = 2 + — — ^2^1 = volx|c(^)- 
m 

Remark 5.11 (Reduction to the case of positive perturbations). Note that if D and A 
are Q-divisors and if A is ample, then yo\x\v{D) < vo\x\v{D + A). It follows that in order 
to prove Theorem 15. 7[ it is enough to consider the limit over those Q-divisor classes D' 
such that D' — D is ample. Indeed, suppose that Ai, . . . ,Ar are ample Q-divisors whose 
classes give a basis of N^{X)r. We consider on A^^(X)r the norm given by 

II cuiAi \\:= max \ai\. 

i 

It follows that given a Q-divisor D' ^ D, there exists a Q-divisor D" such that || D" — 
D 11 = 11 D' — D II and such that both {D" — D) and {D" — D') lie in the convex cone 
spanned by the A^. To see this, ii D' — D = A A; simply take D" — D = |/?j|Aj. 

Proof of Theorem 15.71 We start with two lemmas. First, let X be a smooth projective 
variety of dimension n, and let ^ C X be an irreducible subvariety of dimension d. We 
recall the definition of the asymptotic order function ordy(|| ■ ||) defined on Big(X)R, (we 
refer to |ELMNP"2] for the basic properties of this function). If D is a big Q-divisor, and 
if m is divisible enough, then ordy(|mD|) denotes the order of vanishing at the generic 
point of of a general element in |mD|. We have 

ordWII D\\):= hm ^^M^ = .^^ ordy(kr^_ 

This extends as a continuous, convex function to Big(X)R,. Note that the notation in the 
asymptotic order of vanishing of D should not be confused with the norm on A^^(X)r. 
For the rest of this section, we fix as above a basis Ai, . . . ,Ar for N^{X)-r, consisting of 
ample divisors, and let a be the cone generated by the A^. We consider the norm on 
X^(X)r given by || XI "i^i 11= "^axj \ai\. 

Lemma 5.12. Given o as above, there is (3 > such that for every big H-divisor D and 
for every V C B_|_(i5), if A & cr is nonzero and D — A is big, we have 

(17) oiM\\D-A\\)>(3-\\A\\. 

Proof. We adapt to our more general setting the argument for Lemma 1.4 in |Na2j . It is 
clear by the continuity of the asymptotic order function that it is enough to satisfy the 
condition in the statement for every nonzero A & a such that D — A is a big Q-divisor. 

Let A' be a very ample divisor on X such that Tx^O{A') is an ample vector bundle. 
We can find a positive integer b such that for every nonzero A E a, the divisor tAu ■ A — A' 
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is ample. We show now that /5 = satisfies our requirement. Suppose that there is a 
nonzero A E a such that D — A is a big Q-divisor and ordv(|| D — A \\) < (3- \\ A \\. 
This means that there is m and s G H^{X, 0{m{D — A))) whose order of vanishing at 
the generic point rj of V is ord^(s) < m/5- || A \\. Note that we may replace m by any 
multiple, so we may assume that m is divisible enough. 

We use the notation in [ELN] : if is a line bundle on X, then denotes the 
bundle of differential operators of order < i on B. This is defined as 

:= HomiP^B, B) = P^/ ® B, 

where P^ is the bundle of ^-principal parts associated to B (having as fibers the spaces 
of £-jets of sections of B). These bundles sit in short exact sequences of the form 

P^-i ^Vi^ Sjm'iTx) 0. 

It follows from Lemma 2.5 in |ELNj and our hypothesis on A' that there is io such that 
for every B and every i > £o, the sheaf "D^ ® Ox{£A') is globally generated. Since every 
global section of B determines a vector bundle map B, we have a natural induced 

map 

H%V^j, ® OxiiA')) — > H\Ox{B + M')) 

which eventually produces nontrivial sections in H^{Ox{B + iA')) arising locally via the 
process of differentiation. 

For our Lemma, by taking B = 0{m{D — A)) it follows that if £ > || A ||, then 
we may apply a suitable differential operator to our section s to get 's G H^{X, 0{m{D — 
A) + iA')) that does not vanish at r]. If mA — iA' is ample, then this contradicts the 
assumption that V is contained in B+(D). 

As ^Tpji ■ A — A' is ample by assumption, we may take m large enough so that 

^ .A- A' 
m(3- II A II +1 

is again ample. Moreover, we may assume that mfi- || A ||> + 1- If we choose I to be 
the smallest integer > m(3- || A ||, then both our requirements on £ are satisfied. This 
completes the proof of the lemma. □ 

Our next lemma deals with a subtracting procedure introduced in |Na2] (note how- 
ever that we add an extra condition in order to fix a small gap in the proof in loc. ait.). 
The goal is to get a lower bound on the dimension of the space of sections of L minus an 
ample, starting from sections in L with small order of vanishing at given points. 

We keep the assumption that is a subvariety of dimension ci > 1 of the smooth, 
projective variety X, and let L and B be Q-divisors on X such that B and B—L are ample. 
We consider integers m and k such that m is divisible enough and k ^ m. Suppose that 
we have positive rational numbers e < e' such that if xi, . . . ,xn G V are general points, 
for every m (divisible enough) mL separates me' jets at xi,...,xn- Suppose that for 
every m and k we have a closed subscheme Vm,k of X supported on V. If ly and Im,k are 
the ideals defining V and Vm,k, respectively, we assume that around every smooth point 
of V we have Im,k ^ ly^"- 
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Let us fix now xi, . . . ,xp^ smooth points on V as above such that depth(Ov'^ j,-) = d 
for all i (this assumption is satisfied by general points). We fix also a positive rational 
number a. Let mi be divisible enough such that miaB is very ample and the linear system 

S = {Bq e \miaB\ \ Xi E Bq} 

induces a basepoint-free linear system on X \ {xi, . . . ,xn}- If s is a section of a line 
bundle on a scheme Z, the order of vanishing of s at a point x E Z is the largest p such 
that a local equation for s at x lies in the pth power of the ideal defining x in Z. 

Lemma 5.13. With the above notation, suppose that for every m and k we have a vector 
subspace Wm,k ^ H^{X,0{kmL)) such that 

(i) For every nonzero section s in Wm,k we have minjOrd2;-(s) < kme. 

(ii) If B' is a very general divisor in S, then for every m and k, and every s in Wm,k 
such that s\b' is nonzero, we have minjOrd^.(s|B/) < kme. 

Then Wm,k induces a vector subspace W^^ C H^iVm^k, 0{km{L — aB))) such that every 
nonzero section s of ^ satisfies 

(18) minjOrdx..(s) < kme 

and such that 

dim > dim W^,k - a ■ deg^iV) ■ £(Oy^,„,) ■ (km)', 

where r] denotes the generic point of V. 

Proof. Note first that since around every Xi we have Im,k ^ /y™*^, a section of a line 
bundle on a subscheme Z of X has order < kme at Xj if and only if this holds for its 
restriction to Z H Vm,k- We assume that m is divisible by mi, and let i?i, . . . ,Bkm/mi 
be very general elements in the linear system S, so they satisfy the condition (ii) above. 
Since depth(Oy^ ^^^.J > 1, we may also assume that no Bi contains an associated point 

of Vm,k- 

Let Wm,k denote the image of Wm,k in H^(ym,k, 0{kmL)). Our assumption implies 
that the restriction map gives an isomorphism Wm,k — Wm,k- Let W^f, be the kernel of 
the composition 

Wm,k ^ H''{V^,k, 0{kmL)) H%Vm,k, Ov^^,{kmL)\j2^ ■ 

It is clear that W^j^ C H'^(ym,k,0{km{L — aB))) and that (i) above implies that the 
nonzero sections in W^f^ satisfy (fT8l) . 

In order to get the lower bound for dim fc; enough to show that if 
Wp := lm{Wm,k — ' H^{Vm,k H Bp, Ov^,^,nB^{kmL))) , 
then for every p < km /mi we have the following upper bound: 

dim(w7p) < mia ■ degsiV) ■ £(Oy„,„„) ■ {km)''-\ 

Since B — L is ample, it follows that mB also separates me'-jets at xi, . . . , xn, hence 
we can find m2 such that if -Di, . . . ,Dd-i are general elements in |m2-B| with order of 
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vanishing > + 1 at each xj, then their local equations form a regular sequence with 
respect to Vm,k H Bp. We use here the fact that depth ( Oy^ ^.n^p.^J = c? — 1 for all j and 
apply Remark 14.41 successively to avoid containing suitable associated points. 

From now on we assume that m is divisible also by m2- Property (ii) above implies 
that no nonzero element in Wj can lie in the image of 

(Vm,k n Bp, o(km(^L-^^-Di^^^ ^ H\Vm,k n Bp, 0{kmL)). 

Therefore dim(wp) is bounded above by the dimension of the image of Wm,k in H^(ym,k H 
Bp n km/m2 ■ -Di, 0{kmL)). Moreover, since ^-Di passes through xi, . . . , xa? with mul- 
tiplicity at least kme, it follows that for every s in Wm,k such that s\b is nonzero, we 
have 

minjOrd^.(s|BpnDi) < kme. 
Therefore we can repeat the above procedure. After d — 1 such steps, we deduce 

dim(wp) < mia ■ {kmY~^ ■ (legB{Vm,k) = ruia ■ {kmY~^ ■ deg^iV) ■ ^(Cv^.^.r,), 

which completes the proof of the lemma. □ 

Remark 5.14. Suppose that in the above lemma we assume that all sections in Wm,k 
restrict to zero on subschemes ^ whose support is properly contained in V. If the 
points Xi, . . . ,Xn do not lie in any support of a primary component of a (which can 
be achieved by taking the Xi very general on V^), then we get that the sections in VF^^ 
also restrict to zero on ^. Indeed, in the above proof it is enough to make sure that the 
divisors Bi, . . . , -Bfcm/mi do not contain any of the supports of the primary components of 
the schemes ^. 

We can give now the proof of Theorem 15.71 We will use the following notation: if 
E is a. divisor on X such that \E\ ^ 0, we will denote by h\E\ the ideal defining the base 
locus of this linear system. 

Proof of Theorem 5.1. The proof of Theorem 15.71 follows the approach in |Na2j . using 



in addition our result on approximating volumes in terms of separation of jets. Note 
that by Proposition II. ![ we have dim(y) = d > 1. We may also assume that D is 
big: otherwise V = X, and the theorem follows from the continuity of the usual volume 
function on N^{X)-^ (see ^Lazj . Corollary 2.2.45). While the proof of the general case is 
quite technical, if we assume that V = B+(D), then the proof becomes more transparent. 
For the benefit of the reader, we give first the proof of this particular case, and we describe 
later the general argument. 

We start therefore by assuming that V = B+(D) and that D contradicts the con- 
clusion of the Theorem. It follows from Remark 15.111 that there is 5 > and a sequence of 
ample divisors Ag going to and such that D + Ag are Q-divisors with volx\v{D + Ag) > 6 
for every q. Moreover, we may clearly assume that V ^ ^+{D + Ag) for all q. 

By Lemma we can find /3 e Q\ such that ordy(|| D - H \\) > /3- \\ H \\ 

for every H in the interior of our cone a such that D — H is big. In addition to this 
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lower bound for the asymptotic order function, we will also need an upper bound for the 
asymptotic multiplicity. Recall from |ELMNP"2] that if E' is a big Q-divisor such that V 
is not properly contained in B(£'), and if for m divisible enough we denote by the 
Samuel multiplicity of the local ring Ox,v with respect to the localization of b\mE\, then 
this asymptotic multiplicity is defined by 

ev{\\E\\):= hm ^ = inf^. 

In our setup, since V ^ B+(Z} + Aq) for any g, it follows that ey(|| ||) = 0. Moreover, 
eydl ■ ID^/^""*^) is locally Lipschitz continuous, hence there is M > such that 

(19) ey(|| II) < M- II i/ 

if H lies in a suitable ball U around the origin. We refer to |ELMNP"2] . the end of §2 
and Remark 3.2 for the properties of asymptotic multiplicity that we used (the fact that 
^v(|| ■ 11)^/^'^"°') is locally Lipschitz continuous on its domain follows also from the fact 
that it is homogeneous and convex). 

We choose now a Q-divisor B such that both B and B — D\ie in the interior of the 
cone a. Let a G be small enough, such that ^+{D — aB) = B_(_(Z)) and 

(n-rf)! -5/3"-^ 
^ ' ^ n\-M-degs{Vy 

We fix now q such that aB — Aq and B — {D + Aq) lie in the interior of a and from now 
on we put A = Aq. 

Since V ^ B+(Z} + A) and volx|y(-D + A) > 6, Theorem 14.21 implies that there are 
> 1 and e G Q!^ such that Ne'^ > 6 and if xi, . . . ,xn are general points on V, the 
canonical map 

N 

(21) H\X, 0{p{D + A))) H\X, 0{p{D + A)) ® Ox,.Mi:) 

i=l 

is surjective for p divisible enough. Moreover, by taking large enough we can make 
sure that e is as small as we want. 

We fix now H small enough in the interior oi a (lU such that aB — A — H is an 
ample Q-divisor. Let us choose e and N as above such that e/P <\\ H \\. After subtracting 
from H a small multiple of a Q-divisor, we can make || H \\ arbitrarily close to e//3, and 
therefore by (!20l) we may assume that 

^ ' \\H \\^-<i n\ ■ M ■ degeiV)' 

We see that D - H is a Q-divisor and B+{D) C B{D - H) C B+{D - aB), hence 
B{D — H) = V. Note that we may assume in addition that (12 ip is surjective also for 
some e' > e, if p is divisible enough. 

We will consider integers m and k, with m large and divisible enough, and with 
m. For every such k and m, let -Km'- — »• X be a log resolution of b\m,{D-H)\, and 
write {TTm)~^ {\fn{D — H)\) = Em + \Mm\, with Em the fixed part and Mm the moving 
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part. The ideal Im,k = {.'^m)*Oxm{,—kEm) is equal to the integral closure of ^\ra(D-H)\ 
it defines a subscheme that we denote by Vm,k- Note that since B(D — H) = V and m is 
divisible enough, Vm,k is supported on V. We denote by ly the ideal defining V. By our 
choice of /?, and since e//3 <|| if ||, we see that in the neighborhood of any smooth point 
of V we have 

(23) Im,k ^ Iv"^"^ 

(we use the fact that for an ideal defining a smooth subvariety, the symbolic powers 
coincide with the usual powers and they are integrally closed). 

Let mi be divisible enough, so rriiaB is very ample, the linear system 

S = {Bq G |miai?||xj G i^oforalH} 

has no base points in X \ {xi, . . . ,xn}, and a general element of E is smooth. We choose 
general points xi,...,xn such that the above properties of E are satisfied, and in 
addition (l2T|) is surjective and depth(Ov'^ ^.^j;.) = d for every i. Moreover, we can choose 
these points such that if p is divisible enough, then p{D + A) — rriiaB separates pe-jets at 
Xi, . . . ,xn (see Remark [4.61) . 

Our plan now is to apply Lemma I5.13[ To this end, fix any very general divisor 
Bq G IniiaBl passing through Xi, . . . ,xi\i. We have the following commutative diagram 



H%X,0{km{D + A)-miaB))) H\X,0{km{D + A))) 

<t>m,k 

®tiH\0{km{D + A)- m^aB) ® Ox,x,/m^^^) ^tiH'^^O^km^D + A)) ® C>x,x,/m^r) 

where the horizontal maps are induced by local equations of Bq. Note that am,k is in- 
jective, and by construction, (t)m,k and ipm,k are surjective. Therefore we can choose 
W^m,fc ^ H^{X,0{km{D + A))) such that Wm,k is mapped isomorphically by iprn,k onto 
®fJoH^{X,0{km{D + A)) O C^.x^/m^^^) and such that lm{pm,k) is in the image of 
Wm,k n Im(am,fc)- This implies that for every nonzero section s in Wm,k, we have 

(24) minord^.-(s) < kme. 

i 

Moreover, if s\bo is nonzero, then 

(25) minorda;i(s|Bo) < kme. 



We assert moreover that the analogue of fl25l) holds for any very general B'q in \miaB\ 
passing through the Xj. Indeed, consider for such B'q the commutative diagram 



m,k 



H\B'Q,0{km{D + A))) 



i>m,k 



Pm,k{B'Q) 



J, 



m.k 



J m,k{,BQ^ 
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where J™,^ = H\X, 0{km{D + A)) ® Ox,.Jm^T') and 

N 

JmAB'o) = H\Bi 0{km{D + A)) ® OBi^^Jra^T^' 

i=l 



Since 'ipm,k is surjective, we see that the restriction of pm,k{BQ) to the image of Wm,k 
in H^{Bq, 0{km{D + A))) is always surjective. Our assertion is that this image maps 
isomorphically onto JmAB'o). By construction, this holds when B'^ = Bq, and since the 
spaces involved have constant dimension for general B'q, it follows that fl2^ holds with 
Bq replaced by Bq. Therefore the two hypotheses (i) and (ii) in Lemma [5. 131 are satisfied 
hr L = D + A. 



By construction we have 
(26) dim Wm,k = ^^,-./<r' = n( 



^ 'kme + n — 1 



\ n 



(27) dim W^^k > |-(A;m)" + 0{{km 



,n— 1^ 



i=l 

Since A^e"^ > 6, we deduce 

n\ 

On the other hand, Lemma 15.131 gives a vector subspace 
VT^,, C H\Vm,k, 0{km{D + A- aB))) 

such that 

(28) dim W;,, > dim Wrn,k - a ■ deg^iV) ■ £(Oy^,„,) ■ {kmY 
and such that for every nonzero section s in W^j^, we have 

N 

(29) minord2;-(s) < kme. 

1=1 ' 

Since aB — A — H is ample, we get corresponding spaces of sections 

W::,^,CH'iV^,,,0{km{D-H))) 

satisfying the same lower bound on the dimension and such that for every nonzero section 
in W^,^ we have (12^. 

We give now an upper bound for ^{Ov^^,,r]) when m is divisible enough, but fixed, 
and k goes to infinity. We clearly have 

(30) KOv^..,v) < ^((^x,,/bf„(^_H)|) < j^^^ ■ k-' 

if Cm is larger than the multiplicity of Ox,r] with respect to the localization of b\m{D-H)\- 
By ( IT9|) . since m is large enough we may choose such Cm with < M ■ m"^'^ || H H"^"^ 
and conclude that 

(31) ^((^y.,„.) < \ kmr-^ for k » 0. 
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Combining this with (!28|) . (!27|) and (122!) we deduce that if m is large and divisible enough, 
then dim ^ grows like a polynomial of degree n in k, when k goes to infinity. 

We use this to construct global sections of km{D — H). Consider the exact sequence 

H\X, 0{km{D - H))) ^ H\Vm,k. 0{km{D - H))) ^ H\X, 0{km{D - H)) ® Im,k)- 

Since Mm is nef, we have h^{Xm, 0{kMm)) < 0(A;"^^) for A; ^ 0. Using the Leray spectral 
sequence, this gives 

h\X, Ox{km{D - H)) ® I^^k) < 0{k'''') 
for ^ 0. Therefore most of the sections in W^j^ can be lifted to H^{X, 0{km{D — H))) . 

On the other hand, recall that for every nonzero section s in ^ we can find a point 
Xi such that ordj;.(s) < kme. Since OTdv{\km{D — H)\) > km[3 \\ H \\ and e/ [3 <|| H ||, 
we get a contradiction. This completes the proof in the case B+(D) = V . 

We treat now the general case. The above proof fails since the subschemes Vm,k as 
defined above are not supported on V anymore. We need to do some extra work to ensure 
that the sections we construct on Vm,k can be extended to subschemes supported on the 
whole B+(D). We will use the following notation: if F is an integral divisor such that 

|F| 7^ 0, then we denote the integral closure of h^p^ by b|^p We consider also b|^^^ that 
is defined locally as the ideal of sections in Ox such that for every divisor T over X, 
with center on X different from V , we have ordT(0) > k ■ ordT(b|i?|). Note that for every 
Fi and F2, it follows from definition that 

y"^^) ^\mFi\ ^\mF2\ - ^\mF-i+mF2\- 

It is clear that if V is not contained in B(F), then b\^\, = b^'^^t, for m divisible enough. 
On the other hand, if V is an irreducible component of B(F) and m is divisible enough, 
then b|^^^| has a uniquely determined primary component supported on V. If this is 

defined by b\'X then we have b[^V| = ^I'J'fi ^ 

We assume for the moment the following technical lemma. 

Lemma 5.15. Fix an ample divisor B such that D — B is a Q-divisor with B(D — B) = 
B+(Z}). There is a sheaf of ideals X on X whose support does not contain V such that 

■jkp Ak) ^ Ak)2 

■ ^|P7{S+^)I - ^|p(7+l)(I5+A-iB2)| 

for every A, B2, 7, p and k as follows: A is ample such that D + A is a Q-divisor with 
V 2 B(D + A), B2 is an ample Q-divisor such that B — 2B2 is ample, 7 > 1 a rational 
number, p is divisible enough (depending on A, B2, and 'j), and k is an arbitrary positive 
integer. 

In order to prove the general case of the theorem, we start by fixing S, (3 and M as 
before. We fix also B and X as in the above lemma. Let Bi be an integral divisor such 
that both Bi and Bi— D lie in the interior of a and X® 0{Bi) is globally generated. Let 
B2 be a divisor in the interior of a such that B — 2B2 is ample and we put B = Bi + B2. 
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We choose now a G small enough such that B+(D — aB) = B_|_(D), a < 1 and 
(33) a(l + „)^< (-"y-^^-' 



n\-M ■ deg^iV)' 

As before, we can choose A = Ag for q ^ such that 0-82 — A lies in the interior of 
a. Moreover, we can choose e G and > 1 such that Ne"^ > 6 and ([21]) is surjective 
for very general points Xi, . . . , xat on ^ if p is divisible enough (we may assume that the 
same map is surjective also for some e' > e). Arguing as before, we can find a divisor 
H in the interior of a (lU such that ai?2 — A — if is an ample Q-divisor and we have 
e/jS <\\ H II and 

(34) a(a + ir< ^^Z^^"" ■ " ^) ' " ^/^""^ 

Note that D — H is a. Q-divisor with B{D — H) = B^{D). Let Vm,k be the subscheme 
defined by the primary ideal i>\m{D-H)\^ support V. We choose again mi 

divisible enough, and very general points Xi, . . . ,xp^ on V such that rriiaB is very ample, 
the linear subsystem of \miaB\ passing through xi, . . . ,xn has no base points in X \ 
{xi, . . . ,xn} and a general element is smooth, fl^ is surjective and depth ( Oy„ j.,a:J = d 
for every i. Moreover, if p is divisible enough, then p{D + A) ~ uiiaB separates pe-jets 
at xi, . . . , xat. We may assume also that the points Xi do not lie on the support of any 
irreducible component of the schemes defined by the ideals 

We claim that we can find vector subspaces 

W^,k C (X, 0{km{a + 1){D + A)) ® b(^)(^+^)| 
such that the induced map 



N 

(35) W^,u ^ H\X, 0{km{a + 1){D + A)) ® Ox,Jm';'^'+'' 

i=l 



is an isomorphism and for a very general Bq G \miaB\ passing through Xi, . . . ,Xn and for 
every s G Wm,k with s\bo 7^ 0, there is a point Xi such that orda;^(s|Bo) < kme. Indeed, 
suppose first that Bq is very general as above, but fixed. Arguing as before, we see that 
we can find Wm,i ^ H^{X, 0{m{D + A))) that maps isomorphically onto 



N 



H\X, 0{m{D + A)) ® Ox,Jm^; 



i=l 



and a subspace W^ i C Wm,i that maps isomorphically onto 



N 



H%X, 0{m{D + A)- rmaBo) ® Ox,x,/m™ 



i=l 



Note also that we have H^{X, 0{m{D + A))) = H%X, 0{m{D + A)) ® b 



m(D+A)\ 
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We can choose now subspaces VF^^ C Wm,k ^ H^{X,0{km{D + A))) such that 
Wm,k maps isomorphically onto 

N 

@H\X, 0{km{D + A)) ® Ox,JKT), 

i=l 

W^ i^ maps isomorphically onto 

TV 

H\X, 0{km{D + A)- m.aBo) ® ^x.^.K^^^) 

i=l 

and Wm,k is contained in the image of 

Sym'^iy™,! ^ H\X, 0{km{D + A))), 
while ^ is contained in the image of 

® Sym'^-'Wrn,! ^ 0(A;m(Z} + A))). 

Note that VI/^ ^ is the analogue of the image of the map am,k in the top diagram on p. 26. 

By construction, it follows that W^^k ^ i^°(X, 0{km{D + A)) ® bf^^^^^^),). On the 
other hand, since V is not contained in B{D + A) and m is divisible enough (recall also 
that the points are very general on V), there are sections tm,k ^ H'^i.X, 0{kma{D + A))) 
that do not vanish at any of the points Xi. Multiplying by the section tm,k induces an 
embedding of Wjn,k in H'^i.X, 0{km{a + + A)) ® b^rn{D+A)\)- denote by Wm,k its 
image, then it is clear that it satisfies the claimed properties. We deduce as before that if 
we replace Bq by a very general element B'q G \miaB\ passing through a;i, . . . , xat, then it 

is still true that every nonzero restriction to B'q of an element in Wm,k has order < kme 
at some Xi. 

In particular, the Wm,k also satisfy the lower bound (127|) . We apply Lemma [5.131 
and Remark 15.141 for L = {D + A)^ with m(a + 1) instead of m, to get as before spaces of 
sections 

C (k.,,, 0{km{a + 1){D + A- aB)) ® b[^\^^^)|) 

such that 

dim Wi^^ > dim W^^k - a{a + l)'^ ■ deg^iV) ■ i{Ov^^„,) ■ (km)''. 

On the other hand, the lower bound (!3T!) still holds, and combining this with (!27|) and 
we deduce that if m is divisible enough, then dim ^ grows like a polynomial of 
degree n in k when k goes to infinity. 

Now since X ® 0{Bi) is globally generated, the support of X does not contain V, 
and Vm,k is defined by a primary ideal, we get an embedding 



(36) W^;,, ^ (V^,k, 0{km{a + 1){D + A~ aB,)) ® l'"'^^^^''> b\'2^^^^)^ ^ 
Since x'^™"*^""''^'' C x^™''^, applying Lemma [5.151 for p = ma and 7 = 1/a, we deduce 

(37) 0{km{a + 1){D + A- aB,)) ® b[X,)(^^^_,^^) 
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Furthermore, since aB2 — A — H is ample, we get an embedding 

(38) 1^;,, ^ H' (k,,,, Oikmia + l)iD - H)) ® b\'2l,^,^^o-H)\) ■ 

Note that we may assume that fl36l) and fl38l) are induced by multiphcation with sections 
that do not vanish at any of the Xi, so they do not increase the order of vanishing at these 
points. 

Because all sections in W^j^ vanish on the subscheme defined by i>^\m{D-H)\y follows 
that they can be extended by zero to give a space ^. of sections of 0{k'm{a + l){D — H)) 
on the subscheme defined by b\^m{D-H)\- before, we show using a resolution iTm '■ — > 
X that for k ^ 0, most of the sections in W^ ,. extend to X. On the other hand, for 
every nonzero section s in we can find i such that oidxXs) < kme — 1. Since by our 
choice of (3 we have 

ordy(|A;m(a + 1){D - H)\) > f3km{a + 1) \\ H \\> kme{a + 1), 
this gives a contradiction and completes the proof of the Theorem in the general case. 

□ 

Proof of Lemma \5.15[ As b|p^(£i_|_^)| = ^|p^(_D+yi)|' follows from (l32l) that it is enough to 
have 

- ''\piD+A-:i±lB2)\- 

Moreover, if we have this inclusion for A; = 1, then we get it for all k. Note that {D + A — 
^B2) -{D - B) is ample, so that ^'|p(^_;B)| ^ Therefore it is enough 

to choose q such that q{D — B) is integral and the reduced base locus of \q{D — B)\ is 
B+ (D), and to take I = ^'|^\^^_;b)| • □ 



6. Moving Seshadri constants 



Moving Seshadri constants have been introduced in |Na2j for the description of 
the augmented base locus. In the case of nef line bundles, they coincide with the usual 
Seshadri constants. In this section we prove the basic properties of these invariants, and 
we use the results in the previous sections to deduce a stronger version of the main result 
in |Na2j . If D is a nef Q-divisor on a smooth, projective variety X, we denote by e{D; x) 
the Seshadri constant of D at x. For the definition and basic results on Seshadri constants 
we refer to [Laz] §5.1. 

As in the case of asymptotic intersection numbers, there are two equivalent defi- 
nitions for moving Seshadri constants. We start this time with the definition in terms 
of arbitrary decompositions for the pull-back of D, a definition which applies to arbi- 
trary R-divisors (note the similarity with the formula in Proposition 12. 1 1 [ ) . Suppose that 
X G X and that D is a divisor such that x ^ B_|_(D). We consider projective morphisms 
/ : X' — > X, with X' smooth, which are isomorphisms over a neighborhood of x, and de- 
compositions f*{D) = A + E, with A sua ample Q-divisor and E effective such that f~^{x) 
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is not in the support of E. Note that for every such /, we have f~^{x) ^ B_|_(/*(D)), so 
there exist indeed decompositions as described above. 

Definition 6.1. Let D be an R-divisor. If x ^ B^{D), then the moving Seshadri constant 
of -D at X is 

(39) e{\\D\\-x):= sup e{A,x), 

f(D)=A+E 

where the supremum is over all morphisms / and decompositions f*{D) = A + E a.s 
above. If x G B+(D), then we put e(|| D ||; x) = 0. 

It is easy to see that the above invariant is finite (see, for example, Proposition ESI i) 
below). It is also clear from the definition that x is in B+(D) if and only if e(|| D ||; x) = 0. 
The value over B+ is justified by the following theorem, which is our main result on 
moving Seshadri constants. As we will see, it can be considered a stronger version of 
Theorem 0.8 in |Na2] . 

Theorem 6.2. For every point x in X, the map D — > e(|| D ||;x) is continuous on the 
entire Neron-Severi space N^{X)-£i. 

The proof will be given at the end of this section. We start by giving some basic 
properties and interpretations of the moving Seshadri constants. As moving Seshadri 
constants of non-big divisors are trivial, we henceforth assume that all divisors are big. 

Proposition 6.3. Suppose that D is a big H-divisor on X. 

i) We have e(|| D\\]x)< yo\x{DY' '^''^^^y 

ii) IfD = E, then e(|| D ||;x) = e(|| E ||;x). 

iii) e(|| \D ||; x) = A ■ e(|| D ||; x) for every positive A. 

iv) If D is an ample Q-divisor, then e(|| D \\;x) = e{D;x). 

v) If D' is another H-divisor such that x ^ B+(Z}) U B+ (/}'), then 

(40) e(|| D + D' II; x) > e(|| D ||;x) + e(|| D' ||;x). 

Proof. All proofs follow from definition and from the properties of the usual Seshadri 
constants. □ 

We explain now the connection with the definition of moving Seshadri constants from 
|Na2j . This is analogous to the definition of asymptotic intersection numbers. Suppose 
that D is a Q-divisor and that x ^ B{D). Let m be sufficiently divisible, so mD is an 
integral divisor and x is not in the base locus of |mD|. We take a resolution of this base 
locus as in Definition 12.61 (with V replaced by x). 

We define following ^Na2] : 

(41) e'{\\D\\;x):= lim ^ ^ 
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where the hmit and the supremum are over divisible enough m. Note that e{Mm', x) does 
not depend on the particular morphism iTm- Moreover, given positive integers p and q, 
sufficiently divisible , we may choose vr : X' — > X that satisfies our requirements for 
\pD\, \qD\ and \{p + q)D\. Since we have Mp+g = Mp + Mq + E, for some effective divisor 
E with 7r^^(x) ^ Supp(-E'), we deduce that 

This implies that the limit in the definition of e'(|| D \\;x) exists, and it is equal to the 
corresponding supremum. We now show that the two invariants we have defined are the 
same. 

Proposition 6.4. IfD is a big Q-divisor and ifx ^ B(D), then e'{\\ D \\]x) = e(|| D \\]x). 

Proof. By replacing D with a suitable multiple, we may assume that D is integral, B(D) = 
Bs(|D|)red and that \D\ defines a rational map whose image has dimension n. For m G N*, 
take Urn '■ X^ — ^ X as in the definition of e'(|| D \\]x) and write n^{mD) = Mm + -Em- 
Recall our assumption that vr~^(a;) ^ Supp(i?m)- 

Suppose first that x G B+(Z}). In this case, it follows easily that 'n^i.x) G B+(Mm). 
Since is big and nef and 7r~^(x) G B+(Mm), Corollary 15.61 implies that there is a 
subvariety V C Xm of dimension > 1, such that vr~^(x) G V and (M^ ■ V) = 0. 
Therefore e{Mm] ti^{x)) = 0, and since this is true for every m we get e'(|| D \\; x) = 0. 

Suppose now that x ^ B+(Z)). We show first that e(|| D \\;x) > e'(|| D \\;x) by 
proving that for every m divisible enough, e(|| D \\;x) > e(Mm; 7r~^(x))/m. If vr^^(x) G 
B_|_(Mm), then the above argument using Corollary 15.61 shows that e(Mm; 7r~^(a;)) = 0, 
and we are done. 

Therefore we may assume that vr^"'^(x) ^ B_|_(Mm), so we can write Mm = A + E, 
where A is ample, E is effective, and TTm^{x) ^ Supp(-E'). If p G N*, then we have 
Mm = {l/p)E + Ap, where Ap = ^A + ^y-Mm is ample. It follows from definition that 
e(|| D II; x) > (l/m)e(y4p; 7r~^(x)) for every p. By letting p go to infinity, we deduce 
e(|| D \\;x)>e{Mm;n-\x))/m. 

We prove now that e( II D \\;x) < e'(|| D \\;x). Let f : X' — ^ X and /*(£>) = A + E 
be as in t he definition of e(|| D \\;x). Fix m such that mA is integral and very ample. 
By taking a log resolution of the base locus of f*{mD) which is an isomorphism over a 
neighborhood of f~^{x), we may assume that we can write f*{mD) = Mm + Em as in the 
definition of e'(|| D \\]x). Since mA is basepoint-free, we have Mm = mA + E'^, where 
E'^ is effective and E'^ < mE, so /"^{x) ^ Supp(-E',^). Therefore e{Mm', f~^{x))/m > 
e{A; f~^{x)), hence e'(|| D \\;x) > e(|| D \\;x), and this completes the proof of the 
Proposition. □ 

Remark 6.5. If D is a Q-divisor that is nef and big, then e(|| D \\;x) = e{D;x). This 
follows of course from the corresponding property for ample divisors, together with the 
continuity property of both invariants (see Theorem 16.21 above). However, we can also 
give a direct argument as follows. If x G B_|_(D), then e(|| D \\;x) = by definition, 
while e{D;x) = by Corollary 15.61 Suppose now that x ^ B_,_(D). If / : X' — > X and 



34 L.EIN, R. LAZARSFELD, M. MUSTATA, M. NAKAMAYE, AND M. POPA 

f*{D) = A + E are as in the definition of e(|| D \\;x), using tlie fact that x is not in 
Supp(-E') we deduce 

e{D; X) = e(r (D); f-\x)) > e{A; r\x)). 

This gives e{D,x) > e(|| D \\,x). On the other hand, since D is nef, the argument in the 
proof of Proposition 16.41 shows that we can write D = Ap + ^E, with Ap ample and E 
effective, with x ^ Supp{E). By definition, we have e(|| D \\;x) > e{Ap;x) for all p, and 
letting p go to infinity we get e(|| D \\;x) > e{D; x). 

The moving Seshadri constants measure asymptotic separation of jets, as is the 
case of the usual constants (see |Lazj . Theorem 5.1.17). We give now this interpretation. 
Recall that if L is a line bundle on a smooth variety X, we say that L separates s-jets at 
X G X if the canonical morphism 

H\X, L) ^ H\X, L ® Ox,.IK^') 

is surjective. Let s{L]x) be the smallest s > such that L separates s-jets at x (if there 
is no such s > 0, then we put s(L; x) = 0). 

Proposition 6.6. If L is a big line bundle on X, then 

s{mL;x) s{mL;x) 
e( II L \\]x) = sup = hm sup 



m—*oo 



TfL rn — ^oo 



Proof. We may clearly assume that x ^ B(L), the statement being trivial otherwise. Let 
m be such that x ^ Bs(|mL|), so we have Tr^ : X^ — X and 7i^{mL) = Mm + E^, as 
in the definition of e'(|| L \\;x). Since tt^ is an isomorphism over a neighborhood of x, it 
induces an isomorphism 

where x' = 7r~^(a;). As TCm also induces an isomorphism H^{X,mL) ^ iJ°(Xm, 7r^(mL)), 
we deduce s{mL]x) = s(7r^(mL); x'). 

On the other hand, as x' ^ Supp (£",„), multiplication by a local equation of E^ 
induces an isomorphism 

Moreover, since E^, is the fixed part of 7rj^(mL), we have an isomorphism if°(Xm, M^) ~ 
H\Xm,7r*m{mL)). This gives s«(mL);a;') = s(M^;x'). 

We show first that e(|| L \\;x) > s{mL;x)/m for every m. Since s{pmL;x) > 
p ■ s{mL] x) for every p, we may assume that m is divisible enough, so a; ^ Bs(|D|). We 
take TTm and a decomposition as above. The fact that e{Mm'i x') > s{Mm\ x') follows as 
in |Lazj . loc. cit.: let C be an integral curve passing through x' and suppose that Mm 
separates s-jets at x'. We can find F G \Mm\ such that multa;'(F) > s and C ^ F. This 
gives {F ■ C) > s ■ multa;C, hence e{Mm',x') > s. Since e(|| L \\;x) > e{Mm',x')/m by 
Proposition 16.41 and since s{Mm',x') = s{mL;x), we deduce e(|| L \\;x) > s{mL;x)/m. 

In order to finish, it is enough to see that for every > 0, we have s{mL; x)/m > e(|| 
L II; x) — ?7 for some m. If x G B_|_(L), then the assertion follows trivially. If x ^ B_|_(L), 
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then by definition we can find / : X' — > X which is an isomorphism over a neighborhood 
of X, with X' smooth, and a decomposition f*{L) = A + F, where A and F are Q-divisors, 
with A ample, E effective, x' = f~^{x) ^ Supp(F) and e{A;x') > e(|| L \\;x) —rj/2. Since 
A is ample, it follows from jLaz] . loc. cit., that we can find m such that mA is an integral 
divisor and s{mA; x')/m > e{A; x') —ri/2. Therefore it is enough to show that s{mL; x) > 
s{mA; x'). This follows by the same arguments as before, as vr being an isomorphism over 
a neighborhood of x and x' ^ Supp(i?) imply s{mL] x) = s{mf*{L)] x') > s{mA; x'). □ 

We use Theorems 12.131 and 15.71 to extend the relation between Seshadri constants 
and volumes to the case of big line bundles. 

Proposition 6.7. If D is a big Q-divisor on X and if x ^ X , then 

e{\\ D\\;x)= mf -— , 

xev multa; V 

where the infimum is over all positive dimensional suhvarieties V containing x. 

Proof. If a; G B_|_(D), then e(|| D \\]x) = and, on the other hand, by Theorem 15.71 
volx\v{D) = for any irreducible component V of B_|_(D) passing through x. 

If X ^ B_|_(L'), then any V through x is not contained in B_|_(D), and so we can 
apply Theorem 12. 131 Thus we only need to prove that 

\\ D"^ -V ip/'' 

(42) e(|| D = inf^ p-r^, 

^ ^ ^11 II' ^ ^gy mult^l^ 

where d = dim(\^). 

This however is immediate. Indeed, for each m divisible enough let Hm '■ Xm — > X 
and n^{mD) = Mm + -Em be as in the definition of e'(|| D ||; x), and for every V denote 
by Vm ^ Xm the proper transform of V . Since Mm is nef, we have 

x&V multa; V 

It is straightforward to deduce now equation ( H2i) from Proposition 16.41 and the definition 
ol\\D'^-V\\. □ 

The proof of the continuity of the moving Seshadri constants is now a formal con- 
sequence of the above results. 

Proof of Theorem \6.2[ Let D be a Q-divisor such that x ^ B+(D). Then the formal 
concavity property of the moving Seshadri constant (Proposition 16.31 v) gives, precisely as 
in the proof of Theorem 15.21 on restricted volumes, that our function is locally uniformly 
continuous around D. We do not repeat the argument here. In order to finish, it is enough 
to show that if Z) is a real class such that x is in B+(D), then lim^)/^!) e(|| D' \\;x) = 0. 
It is clear that it is enough to consider only those D' that are big. If V is an irreducible 
component of B+(Z)), then Theorem 15.21 gives limu'^D volx|y(-D') = 0, so we conclude by 
Proposition 16. 7[ (This part of the theorem is a strengthening of the main result in |Na2j 
to the case of arbitrary real divisor classes.) □ 
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Finally, let's observe that the moving Seshadri constant at a point controls the 
separation properties of the corresponding "adjoint" linear series at that point, as in the 
case of ample line bundles and usual Seshadri constants (cf. |Demj or [EKLj - the proof 
is essentially the same, with a slight variation due to the initial non-positivity): 

Proposition 6.8. Let L be a big line bundle and assume that for some x & X 

e L ;x > , 

P 

where s > and p > are integers, and n = dim(X). Then the linear series \Kx + pL\ 
separates s-jets at x. 

Proof. Note that the hypothesis implies that x ^ B_(_(L). Let m be divisible and large 
enough, and let 71^'- X he as in the definition of e'{D;x). If we write 7rj^(mL) = 

Mm + then we have e{Mm] x) > Uli^^iHl^ Por simplicity, we identify x with its inverse 
image in X^- We need to prove the surjectivity of the restriction map 

Ox{Kx +pL))^ H\X, Ox{Kx + pL) ® Ox/mf i). 

Since Kx^/x is supported on the exceptional locus (so, in particular, x does not lie in its 
support), this is equivalent to the surjectivity of the map 

H\Xm, OxjKx^ + T^UPL))) H\Xm, OxjKx^ + vr;(pL)) ® Ox„/mf ^). 
This in turn is implied by the surjectivity of the restriction map 

(43) H\Xm,OxjKx,^+\^Mm])) ^ H\Xm,OxjKx^ + \^Mrr.])®OxJm:-''), 

m m 

since the sections on the left hand side inject into if°(Xm, Cx„(-f^x„ + ^^mipL))) by 
twisting with the equation of the effective integral divisor \_^Em\ , and x is not in the 
support of this divisor. Since Mm is big and nef, the argument for ( H3|) goes as usual: 
consider / : X'^ Xm the blow-up of Xm at x, with exceptional divisor E. It is enough 
to prove the vanishing of H^{Xm, Ox^{Kx^ + \^Mm\) ® ^'^J^^), which in turn holds if 

H\X'm, f*OxjKx^ + l^Mm]) ® Ox^i-is + 1)E)) = 0. 

We can rewrite this last divisor as Kx^ + f* [^M^] — {s + n)E, and the required vanishing 
is a consequence of the Kawamata-Viehweg Vanishing Theorem: using the lower bound 
on the Seshadri constant of at x, we see that f*\^Mm\ — {s + n)E is the round-up 
of an ample Q-divisor. (Note that we are implicitly using here that since Mm is globally 
generated, the general divisor in the corresponding linear series will avoid x, and so we 
can arrange that /* \^Mm^ = \if*Mm] •) □ 

Remark 6.9. The first step in the above proof consisted in reducing to the case when 
L is big and nef. The rest of the proof could be alternatively recast in the language of 
multipher ideals, as follows (see Chapter 9 in [Laz] for basic facts on multiplier ideals). 
Suppose that L is big and nef, and fix a rational number t with < t < e{L;x). 
Proposition 16.61 implies that there is m > such that mt is an integer and mL separates 
mt jets at X. In particular, we can find D G \mL\ whose tangent cone at x is the cone 
over a smooth hypersurface of degree mt. This implies that in a neighborhood of x we 
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have J{qD) = m*"*"^, where q = Since (p — qm)L is big and nef, Nadel's Vanishing 
Theorem imphes that H^{X, 0{Kx + pL) ® J'{qD)) = 0, hence the map 

H^X, 0{Kx + pL)) ^ H\Z, 0{Kx + pL)\z) 

is surjective, where Z is the subscheme defined by J{qD). We now deduce the assertion 
in the proposition using the fact that Z is defined by tn^"^^ in a neighborhood of x. 
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